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Abstract
In this paper, we investigate irreducible Coxeter systems and we determine the minimal
parabolic subgroup of $nite index in a Coxeter group. c© 2002 Elsevier Science B.V. All
rights reserved.
MSC: 20F55
1. Introduction and preliminaries
The purpose of this paper is to study parabolic subgroups of a Coxeter group. A
Coxeter group is a group W having a presentation
〈S | (st)m(s; t) = 1 for s; t ∈ S〉;
where S is a $nite set and m : S × S → N∪{∞} is a function satisfying the following
conditions:
(1) m(s; t)=m(t; s) for all s; t ∈ S,
(2) m(s; s)= 1 for all s∈ S, and
(3) m(s; t)¿ 2 for all s = t ∈ S.
The pair (W; S) is called a Coxeter system. Let (W; S) be a Coxeter system. For a
subset T ⊂ S, WT is de$ned as the subgroup of W generated by T , and called a
parabolic subgroup. It is known that the pair (WT ; T ) is also a Coxeter system [1]. If
T is the empty set, then WT is the trivial group. A Coxeter system (W; S) is said to
be irreducible if, for any nonempty and proper subset T of S, W does not decompose
as the direct product of WT and WS\T .
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After some preliminaries in Section 2, we show the following theorem in Section 3.
Theorem. Let (W; S) be an irreducible Coxeter system. If W is in5nite; then W has
no parabolic subgroup of 5nite index other than W itself.
By the above theorem we can determine the minimal parabolic subgroup of $nite
index in a Coxeter system. Let (W; S) be a Coxeter system. Then there exists a unique
decomposition {S1; : : : ; Sr} of S such that W is the direct product of the parabolic sub-
groups WS1 ; : : : ; WSr and each Coxeter system (WSi ; Si) is irreducible (cf. [1, 7, p. 30]).
Let S˜ : =
⋃{Si |WSi is in$nite}. Then we obtain the following corollary.
Corollary. The parabolic subgroup WS˜ is the minimal parabolic subgroup of 5nite
index in W. Hence; if WS0 is a parabolic subgroup of 5nite index in W; then
(1) S˜ ⊂ S0,
(2) WS0 =WS˜ ×WS0\S˜ and
(3) [W :WS0 ] = |WS\S˜ |=|WS0\S˜ |.
Let (W; S) be a Coxeter system. Let Sf(W; S) be the family of subsets T of S such
that WT is $nite. We note that the empty set is a member of Sf(W; S). We de$ne a
simplicial complex L(W; S) by the following conditions:
(1) the vertex set of L(W; S) is S, and
(2) for each nonempty subset T of S, T spans a simplex of L(W; S) if and only if
T ∈Sf(W; S).
For each nonempty subset T of S; L(WT ; T ) is a subcomplex of L(W; S). In
this paper, Sf(W; S); L(W; S) and L(WT ; T ) are abbreviated to Sf; L and LT ,
respectively.
Let (W; S) be a Coxeter system and let WSf be the set of all cosets of the
form wWT , with w∈W and T ∈Sf. The sets Sf and WSf are partially ordered
by inclusion. Contractible simplicial complexes K(W; S) and (W; S) are de$ned as
the geometric realizations of the partially ordered sets Sf and WSf, respectively
[5; Section 3; 3]. Here K(W; S) is the cone on the barycentric subdivision of L(W; S).
For each subset T ⊂ S, (WT ; T ) is a subcomplex of (W; S). In this paper, K(W; S);
(W; S) and (WT ; T ) are abbreviated to K;  and T , respectively. The natural em-
bedding Sf → WSf de$ned by T → WT induces an embedding K →  which we
regard as an inclusion. The group W acts on  via simplicial automorphism. Then
=WK and =W ∼= K ([3,5]). For each w∈W; wK is called a chamber of . If W
is in$nite, then  is noncompact. It is known that  can be cellulated so that the link
of each vertex is L [4; Sections 9; 10; 8]. In [8], G. Moussong proved that a natural
metric on  satis$es the CAT(0) condition. Hence, if W is in$nite,  can be compact-
i$ed by adding its ideal boundary @ [4; Section 4; 6]. We note that the natural action
of W on  is properly discontinuous and cocompact [3,4], and this action induces an
action of W on @.
We show the following theorem in Section 4.
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Theorem. Let (W; S) be a Coxeter system and S0 ⊂ S: Then the following statements
are equivalent:
(1) @S0 is W-invariant;
(2) W =WS˜0 ×WS\S˜0 .
This theorem implies the following corollary.
Corollary. Let (W; S) be an irreducible Coxeter system. If S0 is a proper subset of
S and @S0 is nonempty; then @S0 is not W-invariant.
2. Lemmas on Coxeter groups
In this section, we prove some lemmas for Coxeter groups which are used later.
Denition 2.1. Let (W; S) be a Coxeter system. For each w∈W , we de$ne a subset
S(w) of S as
S(w):={s∈ S | ‘(ws)¡‘(w)};
where ‘(w) is the minimum length of word in S which represents w. For each subset
T of S, we de$ne the following subsets of W :
AT :={w∈W | ‘(wt)¿‘(w); for all t ∈T}= {w∈W |T ⊂ S \ S(w)};
CT :={w∈W | ‘(wt)¡‘(w); for all t ∈T}= {w∈W |T ⊂ S(w)};
W T :={w∈W | S(w)=T}=CT ∩ AS\T :
Let (W; S) be a Coxeter system and w∈W . A representation w= s1 · · · sl (si ∈ S) is
said to be reduced, if ‘(w)= l.
The statements in the following lemma are known or obtained by de$nition.
Lemma 2.2 (Bourbaki [1] and Davis [5]). Let (W; S) be a Coxeter system.
(i) S(w) is empty if and only if w=1; i.e.; W ∅= {1}:
(ii) For each w∈W and s∈ S; ‘(ws) equals either ‘(w) + 1 or ‘(w)− 1; and ‘(sw)
also equals either ‘(w) + 1 or ‘(w)− 1.
(iii) For each T ⊂ S and w∈WT ; ‘T (w)= ‘(w); where ‘T (w) is the length of w in
WT .
(iv) Let T ⊂ S; w∈WT and s∈ S \ T: Then ‘(ws)= ‘(sw)= ‘(w) + 1:
(v) (WS′)T ⊂ WT for each subset S ′ of S containing T.
(vi) Let w= s1 · · · sl be a reduced representation and T ⊂ S: If w∈AT ; then si · · · sl ∈AT
for each 16 i6 l:
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Lemma 2.3 (Davis [5, Lemma 1:3]). Let (W; S) be a Coxeter system; w∈W and
T ⊂ S: Then there exists a unique element of shortest length in the coset wWT :
Moreover; the following statements are equivalent:
(i) w is the element of shortest length in the coset wWT ;
(ii) w∈AT ;
(iii) ‘(wu)= ‘(w) + ‘(u) for each u∈WT :
Lemma 2.4. Let (W; S) be a Coxeter system and S0 ⊂ S: Then [W :WS0 ] = |AS0 |:
Proof. By Lemma 2.3, we have
{wWS0 |w∈W}= {wWS0 |w∈AS0}:
For each w1; w2 ∈AS0 , w1WS0 =w2WS0 if and only if w1 =w2 by Lemma 2.3. Thus
[W :WS0 ] = |AS0 |.
The following lemma is well-known.
Lemma 2.5. Let G be a group and let H and K be subgroups of G. If [G :H ]¡∞;
then [K :H ∩ K]¡∞:
We investigate L(W; S) in the case W has a parabolic subgroup of $nite index.
Lemma 2.6. Let (W; S) be a Coxeter system and S0 ⊂ S: If WS0 has 5nite index in
W; then WS\S0 is 5nite (i:e:; LS\S0 is a simplex) and L=LS0 ∗ LS\S0 :
Proof. First we show that WS\S0 is $nite. Since WS0 has $nite index in W; {wWS0 |w∈W}
⊃ {wWS0 |w∈WS\S0} is $nite. We note that w1WS0 =w2WS0 if and only if w1 =w2 for
each w1; w2 ∈WS\S0 . Hence WS\S0 is $nite.
Next we show that L=LS0 ∗ LS\S0 . Let  and  be simplexes of LS0 and LS\S0 ,
respectively. Since [W :WS0 ]¡∞, we have that [W 0∪0 :W 0 ]¡∞ by Lemma 2.5.
Since W 0 is $nite, W 0∪0 is $nite, i.e.,  ∗  is a simplex of L.
We show the following technical lemma needed later.
Lemma 2.7. Let (W; S) be a Coxeter system; T ⊂ S and t1; : : : ; tn ∈ S \ T (ti = tj if
i = j): Suppose that titi+1 = ti+1ti for any 16 i6 n − 1 and tnt = ttn for any t ∈T:
Then
(WS\{t1 ;:::;tn})
T tn · · · t1 ⊂ W {t1}:
Proof. It is suIcient to show that S(w(tn · · · t1))= {t1} for each w∈ (WS\{t1 ;:::;tn})T .
Let w∈ (WS\{t1 ;:::;tn})T . Then w∈AS\T and tn · · · t1 ∈WS\T . Hence, by Lemmas 2.3 and
2.2(iv),
‘(w(tn · · · t1))= ‘(w) + ‘(tn · · · t1)= ‘(w) + n:
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By the same argument, we have
‘(w(tn · · · t2t1)t1)= ‘(w(tn · · · t2))= ‘(w) + n− 1:
Hence {t1} ⊂ S(w(tn · · · t1)). To prove the reverse inclusion S(w(tn · · · t1)) ⊂ {t1}, we
show that S \ {t1} ⊂ S \ S(w(tn · · · t1)) (i.e., ‘(w(tn · · · t1)s)= ‘(w) + n + 1 for each
s∈ S \ {t1}). Let s∈ S \ {t1}. If s ∈ T , then
‘(w(tn · · · t1)s)= ‘(w) + ‘((tn · · · t1)s)= ‘(w) + n+ 1;
by (tn · · · t1)s∈WS\T and Lemma 2.3. Suppose that s∈T . Let u : = (tn · · · t1)s. Then
S(u−1)= {tn}, i.e., u−1 ∈AS\{tn}. Since w−1 ∈WS\{tn},
‘(wu)= ‘(u−1w−1)= ‘(u−1) + ‘(w−1)= ‘(w) + ‘(u)= ‘(w) + n+ 1
by Lemmas 2.3 and 2.2(iv). Thus ‘(w(tn · · · t1)s)= ‘(w) + n+ 1 for each s∈ S \ {t1}.
Using Lemmas 2.6 and 2.7, we prove the following lemma which plays a key role
in the next section.
Lemma 2.8. Let (W; S) be an irreducible Coxeter system and S0 a proper subset of
S. If WS0 is in5nite; then there exists t ∈ S \ S0 such that AS0 t ∩WS0 is in5nite.
Proof. Let T0:=S \ S0. We de$ne {Si} and {Ti} by induction as follows:
Si+1 : = {s∈ Si | st= ts for each t ∈Ti};
Ti+1 : = {s∈ Si | st = ts for some t ∈Ti}= Si \ Si+1:
Since, S is $nite, Tn = ∅ and Tn+1 = ∅ for some n. Then S =T0 ∪T1 ∪ · · · ∪Tn ∪ Sn and
W =WT0∪···∪Tn×WSn . Since (W; S) is irreducible, Sn is empty, i.e., S =T0∪T1∪· · ·∪Tn.
Suppose that AS0 t∩WS0 is $nite for each t ∈ S\S0. Then we show that LSk =LTk+1∗LSk+1
and LTk+1 is a simplex for each k =0; 1; : : : ; n− 1.
Let k ∈{0; 1; : : : ; n− 1}. For each tk ∈Tk , we de$ne Tk+1(tk) as
Tk+1(tk) := {s∈ Sk | tks = stk}:
Then Tk+1 =
⋃
tk∈Tk Tk+1(tk) by the de$nition of Tk+1.
Let k ∈{0; 1; : : : ; n − 1}; tk ∈Tk and T ′k+1 ⊂ Tk+1(tk). By the de$nition of {Ti},
there exist si ∈Ti (i=0; : : : ; k − 1) such that sk−1tk = tksk−1 and sisi+1 = si+1si for any
i=0; : : : ; k − 2. By Lemmas 2.7 and 2.2(v),
(WSk )
T ′k+1 tksk−1 · · · s1s0 ⊂ (WSk∪{s0 ;:::;sk−1 ;tk}){s0} ⊂ W {s0} ⊂ AS\{s0} ⊂ AS0 :
Hence (WSk )





T ′k+1⊂Tk+1(tk )(WSk )




T ′k+1 = {w∈WSk | S(w) ⊂ Tk+1(tk)}
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= {w∈WSk | Sk \ Tk+1(tk) ⊂ Sk \ S(w)}
= ASk\Tk+1(tk ) ∩WSk :
Thus, ASk\Tk+1(tk ) ∩WSk is $nite for each tk ∈Tk . Since [WSk :WSk\Tk+1(tk )] = |ASk\Tk+1(tk ) ∩
WSk | by Lemma 2.4 [WSk :WSk\Tk+1(tk )] is $nite. By Lemma 2.6, WTk+1(tk ) is $nite (i.e.,
LTk+1(tk ) is a simplex) and LSk =LTk+1(tk ) ∗ LSk\Tk+1(tk ) for each tk ∈Tk .
Let tk+1∈Tk+1. Since Tk+1=
⋃
tk∈Tk Tk+1(tk), there exists sk∈Tk such that tk+1∈Tk+1(sk).
Then
LSk = LTk+1(sk ) ∗ LSk\Tk+1(sk ) = tk+1 ∗ LTk+1(sk )\{tk+1} ∗ LSk\Tk+1(sk )
= tk+1 ∗ LSk\{tk+1}
because LTk+1(sk ) is a simplex. Hence LSk = tk+1 ∗ LSk\{tk+1} for each tk+1 ∈Tk+1. Thus
LTk+1 is a simplex (hence WTk+1 is $nite) and
LSk =LTk+1 ∗ LSk\Tk+1 =LTk+1 ∗ LSk+1 :
Here k is an arbitrary element of {0; 1; : : : ; n− 1}.
Then,
LS0 = LT1 ∗ LS1
= LT1 ∗ LT2 ∗ LS2
= · · ·
= (LT1 ∗ · · · ∗ LTn) ∗ LSn
= LT1 ∗ · · · ∗ LTn ;
since Sn is empty. Hence LS0 is a simplex, i.e., WS0 is $nite. This contradicts the
assumption of the in$niteness of WS0 . Therefore, AS0 t∩WS0 is in$nite for some t ∈ S\S0.
3. Parabolic subgroups of nite index in Coxeter groups
Using Lemma 2.8, we prove the following theorem.
Theorem 3.1. Let (W; S) be an irreducible Coxeter system. If W is in5nite; then W
has no parabolic subgroup of 5nite index other than W itself.
Proof. Let S0 be a proper subset of S. If WS0 is $nite, then [W :WS0 ] =∞ because W
is in$nite. Suppose that WS0 is in$nite. Then, by Lemma 2.8, AS0 t ∩WS0 is in$nite for
some t ∈ S \ S0. Hence [W :WS0 ] = |AS0 | is in$nite by Lemma 2.4. Thus we have that
[W : WS0 ] =∞ for each proper subset S0 of S.
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Denition 3.2. Let (W; S) be a Coxeter system. Then there exists a unique decom-
position {S1; : : : ; Sr} of S such that W =WS1 × · · · × WSr and each Coxeter system
(WSi ; Si) is irreducible (cf. [1; 7, p. 30]). We de$ne S˜:=
⋃{Si |WSi is in$nite}. Then
WS\S˜ is $nite and W =WS˜ × WS\S˜ . We note that W is $nite if and only if S˜ is
empty.
We obtain the following corollary from Theorem 3.1.
Corollary 3.3. The parabolic subgroup WS˜ is the minimal parabolic subgroup of 5nite
index in W .
Proof. It is clear that [W :WS˜ ]¡∞. We show that [WS˜ :WS′ ] =∞ for each proper
subset S ′ of S˜. Let {Si} be the decomposition of S˜ such that WS˜ =WS1 ×· · ·×WSn and
each (WSi ; Si) is irreducible. For each proper subset S
′ of S˜, there exists a number i0
such that S ′ ∩ Si0 is a proper subset of Si0 . Since (WSi0 ; Si0 ) is irreducible and WSi0 is
in$nite, [WSi0 :WS′∩Si0 ] =∞ by Theorem 3.1. Hence [WS˜ :WS′ ] =∞ by Lemma 2.5.
The following corollary is obtained immediately from Corollary 3.3.
Corollary 3.4. Let (W; S) be a Coxeter system and S0 ⊂ S. If WS0 is a parabolic
subgroup of 5nite index in W; then
(1) S˜ ⊂ S0;
(2) WS0 =WS˜ ×WS0\S˜ and
(3) [W :WS0 ] = |WS\S˜ |=|WS0\S˜ |.
4. The boundaries of CAT(0) spaces on which Coxeter groups act
In this section, we investigate the boundary of a certain CAT(0) space  on which
a Coxeter group act.
We recall some basic properties of CAT(0) spaces. Details of CAT(0) spaces and
their boundaries are found in [2,6]. We say that a metric space (X; d) is a geodesic
space if for each x; y∈X , there exists an isometry % : [0; d(x; y)]→ X such that %(0)= x
and %(d(x; y))=y (such % is called a geodesic). Also a metric space (X; d) is said to
be proper if every closed metric ball is compact.
Let (X; d) be a geodesic space. Two geodesic rays %; & : [0;∞) → X are said to be
asymptotic if there exists a constant N such that d(%(t); &(t))6N for each t¿ 0.
The following proposition is known.
Proposition 4.1 (cf. Bridson and HaeKiger [2] and Ghys and de la Harpe [6]). Let
(X; d) be a proper CAT(0) space.
(1) For each two points x; y∈X; there exists a unique geodesic segment between x
and y in X .
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(2) X is contractible.
(3) For each geodesic ray % in X and each point x0 ∈X; there exists a unique geodesic
ray %′ issuing from x0 such that % and %′ are asymptotic.
Let (X; d) be a proper CAT(0) space and x0 ∈X . The boundary of X with respect
to x0, denoted by @x0X , is de$ned as the set of all geodesic rays issuing from x0. Then
X ∪ @x0X has a natural topology, in which X is an open subspace, and a neighborhood
basis for each point %∈ @x0X is given by the sets
U (%; r; ))= {x∈X ∪ @X | x ∈ B(x0; r); d(%(r); %x(r))¡)};
where r; )¿ 0 and %x : [0; d(x0; x)]→ X is the geodesic from x0 to x (%x = x if x∈ @x0X ).
This is called the cone topology on X ∪@x0X . It is known that X ∪@x0X is a metrizable
compacti$cation of X [2,6].
Let x0 and x1 be two points of a proper CAT(0) space X . By Proposition 4.1(3),
there exists a unique bijection + : @x0X → @x1X such that % and +(%) are asymptotic
for each %∈ @x0X . It is known that + : @x0X → @x1X is a homeomorphism [2,6].
Let X be a proper CAT(0) space. The asymptotic relation is an equivalence relation
in the set of all geodesic rays in X . The boundary of X , denoted by @X , is de$ned as
the set of asymptotic equivalence classes of geodesic rays. The equivalence class of a
geodesic ray % is denoted by %(∞). By Proposition 4.1(3), for each x0 ∈X and each
,∈ @X , there exists a unique element %∈ @x0X with %(∞)= ,. Thus we may identify
@X with @x0X for each x0 ∈X .
Let (X; d) be a proper CAT(0) space and - a group which acts on X by isometries.
For each element .∈- and each geodesic ray % : [0;∞) → X , a map .% : [0;∞) →
X de$ned by (.%)(t):=.(%(t)) is also a geodesic ray. If geodesic rays % and %′ are
asymptotic, then .% and .%′ are also asymptotic. Thus . induces a homeomorphism of
@X and - acts on @X .
Let (W; S) be a Coxeter system and let  and K be the proper CAT(0) cell complex
and its chamber de$ned in Section 1, respectively. The de$nition of the metric of 
is found in [8,4]. Here each n-cell of  is a convex subspace of the n-dimensional
Euclidean space and the vertex set of each cell of  is the form wWT with w∈W
and T ∈Sf [8,4]. We note that the vertex set of  is W , and the 1-skeleton (1) is
the Cayley graph of W with respect to S with unit edges. For each subset T ⊂ S,
T =(WT ; T ) is a subcomplex of =(W; S).
Let (W; S) be a Coxeter system. A conjugate to an element of S is called a re;ec-
tion of (W; S). For a reKection wsw−1 (w∈W and s∈S), its $xed point set Fwsw−1 :=
{x∈ | (wsw−1)x=x} is called the wall associated to wsw−1. Here we note that
Fwsw−1 = {x∈ | (wsw−1)x= x}
=w{w−1x∈ | sw−1x=w−1x}
=w{x∈ | sx= x}
=wFs:
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It is known that  \ Fwsw−1 has two components which are interchanged by wsw−1,
W ∩ Fwsw−1 = ∅ and for each u∈W; uK is the closure of the component with u of
 \ ⋃w∈W;s∈S Fwsw−1 [3,4]. Let C be a cell of  such that C ∩ Fwsw−1 = ∅. Then
(wsw−1)C =C and C \Fwsw−1 has two components which are interchanged by wsw−1.
Since C is a convex subspace of the Euclidean space, every geodesic segment in C can-
not intersect Fwsw−1 ∩C in a subinterval of positive length unless it lies entirely within
Fwsw−1 ∩ C. By the de$nition of the metric of , every geodesic segment in  cannot
intersect Fwsw−1 in a subinterval of positive length unless it lies entirely within Fwsw−1 .
For each representation w= s1 · · · sl ∈W , we consider the path
Ps1 ;:::; sl :=[e; s1] ∪ [s1; (s1s2)] ∪ · · · ∪ [(s1 · · · sl−2); (s1 · · · sl−1)] ∪ [(s1 · · · sl−1); w]
in (1) ⊂ , where e is the unit element of W .
We prove the following lemma needed later.
Lemma 4.2. Let (W; S) be a Coxeter system and N the diameter of K in . Then
for each (e =)w∈W; there exists a reduced representation w= s1 · · · sl such that
dH(Im %w; Ps1 ;:::;sl)6N;
where dH is the Hausdor< distance and %w is the geodesic from e to w in .
Proof. Let (e =)w∈W and %w the geodesic from e to w in . Then %w intersects at
least one wall, and there exist sequences w0 = e; w1; : : : ; wn−1; wn=w∈W and
0= r0¡r1¡ · · ·¡rn¡rn+1 =d(e; w) such that
%w([ri; ri+1])= Im %w ∩ wiK
for each i=0; 1; : : : ; n. We note that wi =wj if i = j, because K is a convex subspace
of .
Let i∈{1; : : : ; n}, let w−1i−1wi=si1 · · · sili be a reduced representation, let Ti:={si1; : : : ; sili}
and let Fs be the wall associated to s. Then  \ Fs has two components which are
interchanged by s. Let X+s and X
−
s be the two components of  \ Fs with e∈X+s and
s∈X−s . Then  \ Fs=X+s ∪ X−s ,
X+s ∩W = {u∈W | ‘(su)¿‘(u)};
X−s ∩W = {u∈W | ‘(su)¡‘(u)}
(see [3]). We note that Fs, X+s ∪ Fs and X−s ∪ Fs are convex by Proposition 4.1(1).
Since w−1i−1%w(ri)∈K ∩ w−1i−1wiK = ∅, we have that Ti ∈Sf (cf. [3, Lemma 8.1; 4]).
Then
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Suppose that w−1i−1 ∈X−t for some t ∈Ti. Since w−1i−1%w(ri)∈
⋂
s∈Ti K ∩ Fs ⊂ Ft , we
have that
w−1i−1%w([0; ri]) ⊂ X−t ∪ Ft;
because X−t ∪ Ft is convex. On the other hand,
w−1i−1%w((ri−1 + ri)=2)∈ IntK ⊂ X+t :
This contradiction implies that w−1i−1 ∈X+s for each s∈Ti. Hence ‘(sw−1i−1)¿‘(w−1i−1),
i.e., ‘(wi−1s)¿‘(wi−1) for each s∈Ti. This means that wi−1 ∈ATi . By Lemma 2.3,
‘(wi)= ‘(wi−1si1 · · · sili)= ‘(wi−1) + ‘(si1 · · · sili):
Thus, we obtain the reduced representation
w=wn=wn−1(sn1 · · · snln);
=wn−2(sn−11 · · · sn−1ln−1 )(sn1 · · · snln);
= · · ·
= (s11 · · · s1l1 )(s21 · · · s2l2 ) · · · (sn−11 · · · sn−1ln−1 )(sn1 · · · snln):
For each i∈{1; : : : ; n} and each j∈{1; : : : ; li},
%w(ri)∈ Im %w ∩
⋂
u∈WTi
wi−1uK ⊂ Im %w ∩ wi−1(si1 · · · sij)K = ∅:
Therefore,






Using Lemmas 2.8 and 4.2, we prove the following theorem.
Theorem 4.3. Let (W; S) be a Coxeter system and S0 ⊂ S. Then the following state-
ments are equivalent:
(1) @S0 is W -invariant;
(2) W =WS˜0 ×WS\S˜0 .
Proof. (1) ⇒ (2): Suppose that @S0 is W -invariant. If S = S0 or S˜0 = ∅, then it is
clear that W =WS˜0 ×WS\S˜0 . We suppose that S0 is a proper subset of S and S˜0 is not
empty (i.e., WS0 is in$nite).
We show that WS˜0∪(S\S0) =WS˜0×WS\S0 . Suppose that WS˜0∪(S\S0) =WS˜0×WS\S0 . Then
there exist s0 ∈ S˜0 and t0 ∈ S \ S0 such that s0t0 = t0s0. Let {T1; : : : ; Tn} be a decom-
position of S˜0 such that WS˜0 =WT1 × · · · × WTn and each (WTk ; Tk) is irreducible.
Since s0 ∈ S˜0 =
⋃n
k=1 Tk , s0 ∈Tk0 for some k0 ∈{1; : : : ; n}. Then (WTk0∪{t0}; Tk0 ∪ {t0})
is irreducible and WTk0 is in$nite. By Lemma 2.8, ATk0 t0 ∩ WTk0 is in$nite. Since
(ATk0 t0 ∩WTk0 )−1 is a vertex set of , there exists a sequence {vi} ⊂ (ATk0 t0 ∩WTk0 )−1
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which converges to a point %(∞)∈ @Tk0 ⊂ @S0 , where % is a geodesic ray issuing
from e in . For each j=1; 2; : : : ; there exists a number ij such that d(e; vij)¿j and
d(%vij (j); %(j))¡ 1, where %vij is the geodesic from e to vij in . By Lemmas 4.2
and 2.2(vi), for each j, there exists wj ∈ (ATk0 t0 ∩ WTk0 )−1 such that ‘(vij)= ‘(wj) +
‘((wj)−1vij) and d(wj; %(j))¡N + 1, where N =diam(K). We note that {wj} con-
verges to %(∞) and {t0wj} converges to t0%(∞).
We show that t0%(∞) ∈ @S0 . Since d(t0wj; t0%(j))¡N + 1 and S0 ⊂ WS0K ,
d(t0%(j); S0 )¿d(t0wj;WS0 )− (2N + 1):
The group W has the word metric d‘(w; w′):=‘(w−1w′) for each w; w′ ∈W . The in-
clusion W →  is a quasi-isometric embedding, i.e., there exist constants 2¿ 1 and





for each w; w′ ∈W (cf. [2, p. 140]). Then








min{‘((t0wj)−1u) | u∈WS0} − (2N + )+ 1):
Here we note that (t0wj)−1 = (wj)−1t0 ∈ATk0 ∩WTk0 t0 ⊂ AS0 . Indeed, let w∈ATk0 ∩WTk0 t0
and s∈ S0. If s∈Tk0 then ‘(ws)¿‘(w), since w∈ATk0 . If s∈ S0\Tk0 then ‘(ws)¿‘(w)









min{‘((t0wj)−1) + ‘(u) | u∈WS0}








(‘(wj) + 1)− (2N + )+ 1) by Lemma 2:2(iv):
Here 12 (‘(wj)+1)−(2N+)+1)→∞ as j →∞, i.e., there is no constant M such that
d(t0%(j); S0 )¡M for each j. Hence t0%(∞) ∈ @S0 . This contradicts the assumption
of the W -invariantness of @S0 . Thus WS˜0∪(S\S0) =WS˜0 ×WS\S0 .
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By the de$nition of S˜0, WS0 =WS˜0 ×WS0\S˜0 . Therefore
W =WS˜0 ×W(S\S0)∪(S0\S˜0) =WS˜0 ×WS\S˜0 :
(2) ⇒ (1): Suppose that W =WS˜0 × WS\S˜0 . Then we show that s(@S0 ) = @S0 for
each s∈ S.
It is clear that s(@S0 ) = @S0 for each s∈ S0.
We prove that s(@S0 ) = @S0 for each s∈ S\S0. Let s∈ S\S0 and let % : [0;∞)→ S˜0
be a geodesic ray with %(0)= e. Then we show that s%(∞)= %(∞). Let r ∈ [0;∞).
There exists wr ∈WS˜0 such that d(%(r); wr)6N , where N =diam (K). Then
d(%(r); s%(r))6 d(%(r); wr) + d(wr; swr) + d(swr; s%(r))
6N + d(wr; swr) + N
= N + d(wr; wrs) + N
= N + 1 + N =2N + 1;
where the equality swr =wrs follows from wr ∈WS˜0 , s∈ S \S0 ⊂ S \ S˜0 and the assump-
tion: W =WS˜0×WS\S˜0 . Hence % and s% are asymptotic, i.e., s%(∞)= %(∞)∈ @S˜0 . Thus
s(@S˜0 ) ⊂ @S˜0 ⊂ s−1(@S˜0 ) = s(@S˜0 );
that is, s(@S˜0 ) = @S˜0 . Since WS0\S˜0 is $nite by the de$nition of S˜0, S0\S˜0 is compact.
Hence
@S0 = @(S˜0 × S0\S˜0 ) = @S˜0 :
Thus s(@S0 ) = @S0 for each s∈ S \ S0.
Therefore @S0 is W -invariant.
The following corollary is obtained from Theorem 4.3.
Corollary 4.4. Let (W; S) be an irreducible Coxeter system. If S0 is a proper subset
of S and @S0 is nonempty; then @S0 is not W -invariant.
Proof. Let S0 be a proper subset of S such that @S0 is nonempty. Then WS0 is in$nite,
i.e., S˜0 is nonempty. Since (W; S) is irreducible, W =WS˜0 ×WS\S˜0 . Hence @S0 is not
W -invariant by Theorem 4.3.
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